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We study the thermodynamic behavior of an Ising system on a Bethe lattice in 
which rearranging particles are "decorating" with their presence the bonds of 
the system, causing the local exchange coupling to depend on the decoration 
status. Such magnetic models have been proposed in efforts to understand the 
mechanisms responsible for the pairing of electrons in high-T, superconduc- 
tivity. In order to study in some detail this aspect, we focus on the question of 
conditions under which particle pairing occurs, and more specifically, on the 
role of an external magnetic field. We find a low-temperature region of the 
phase diagram where significant particle clustering occurs when the field is 
introduced. 
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1. I N T R O D U C T I O N  

The effort t oward  the theoret ica l  under s t and ing  of high-T,, superconduc-  
t ivity ( H T S C )  has p roduced  several  p r o p o s e d  versions of the mechanisms  
responsible  for the pa i r ing  of e lectrons . /~  

The t h e r m o d y n a m i c  phase  d iagrams  of H T S C  mater ia ls  reveal  that  
magnet ic  in terac t ions  p lay  a p rominen t  role. ~2~ An interest ing mode l  
a l ready  s tudied to some extent  (3'4) assumes a basic  an t i fe r romagnet ic  

exchange in te rac t ion  between any two ne ighbor ing  lat t ice sites that  changes 
to fe r romagnet ic  when an impur i ty  e lect ron (or  hole)  is present  there due 
to the in te rac t ion  of the electronic spin with the adjacent  Ising spins. It is 
a rgued that  the pa i r ing  of impur i ty  e lectrons (or  holes)  occurs due to the 
above  assumpt ions .  The need to unde r s t and  in more  concrete  terms the 
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conditions under which such pairing occurs or is destroyed serves as the 
basic motivation of the present work. 

We study the thermodynamic behavior of an Ising system in which the 
exchange coupling depends on the status of decoration of the corresponding 
bonds. The bonds are decorated by the presence (or absence) of "particles" 
that are assumed to exist with a given concentration, freely rearranging 
their presence on the bonds of the system. (5) 

A model Hamiltonian is thus introduced and a Bethe lattice of coor- 
dination z = 4 is assumed. We therefore develop a formalism in Section 2 
that allows us to calculate exactly the thermodynamic quantities of the 
system. Such a calculation is not possible in the case of real lattices, since 
the required thermodynamic quantities can be calculated only in the 
absence of applied magnetic field H. (6) On the other hand, H is an essential 
ingredient in our analysis, since, as we subsequently show, the presence of 
H induces particle clustering. Then, in Section 3 we study that behavior 
starting with a ground-state analysis, in order to reveal under what condi- 
tions the ground state will contain "particle" clustering in distinct pairs or 
larger multiplets that may behave as composite "particles." Finally, we 
explore the regions of the phase diagram where such clustering exists. 

2. F O R M A L I S M  

We consider an Ising spin system on a Bethe lattice of coordination z 
with nearest neighbor interactions between the magnetic moments occupying 
the sites of the lattice. The Bethe lattice is decorated in such a way that 
each bond can either be occupied or unoccupied by a "particle." We con- 
sider the case where the "particles" have a concentration per bond c, i.e., 
they occupy a certain percentage (100. c %, c = 0 + 1) of the bonds and are 
free to rearrange. 

The exchange energy of these decorated bonds takes three values, 
depending both on the presence of a "particle" and on the sign of (oiaj), 
with o; (_+ 1) and crj ( _  1) being the spins of the magnetic moments that 
occupy the sites zj at the ends of the bond. 

This system is described by a Hamiltonian 

= ~ [ J -  Jo(1 + ~aj) d u] ~ j -  H# ~ ~ 
( i , j )  i 

(1) 

where the exchange coupling parameters J and Jo are positive, the spin ai 
takes values _ 1, H is the applied magnetic field, and # is the magnetic 
moment. The sum is taken over nearest neighboring sites (i, j)  and d o is 1 
or 0, depending on the presence or absence of a "particle" on the bond 
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between nearest neighboring sites i and j. In the absence of "particles" 
(c = 0) this Hamiltonian describes a typical antiferromagnetic Ising system. 

We introduce the decorated pair probabilities P(a, d, a'), where the 
spins refer to nearest neighboring sites, and d indicates the decoration 
status of the connecting bond. The knowledge of such pair probabilities 
allows for the calculation of all relevant thermodynamic quantities. 

Since the coupling between neighboring spins is antiferromagnetic, the 
lattice splits into two sublattices. Thus, half of the lattice sites are labeled 
T and the other half ~. Consequently, the decorated pair probabilities can 
be expressed as 

P(a, d, a') = (1/2) Pt(a, d, a') + (1/2) P +(a, d, a') (2) 

where the T($) subscript indicates that the first site in the parentheses 
belongs to the T(J,) sublattice. 

We observe that the single-site probability is given by 

1 

Ps(a) = ~ ~ Ps(a, d, a,) (3) 
d ~ O  a t  

where s takes the label ]" or $ for sublattice T or $, respectively, and that 

pr(ai, d, ~j) = P+(% d, ~,) (4) 

The concentration of the "particles" is expressed by 

o--Z Z P(o,, 1, ~j)=Z Z Ps(~,, 1,~j) (5) 
at  a j  cri a j  

and the normalization condition is 

1 

Z ~ Ps(a,, d, Gj)= 1 (6) 
cr i a j  d =  0 

with s denoting the label i" or $. 
The probability Ps(ao; dl, al ;  d2, a2;...; dz, a~) of a given configuration 

of spins and bond decorations on a cluster consisting of a central site O 
belonging to the s sublattice and its z nearest neighboring sites can be 
expressed as 

Ps(ao;dl ,a l ;dz ,  a2;...;dz, az)=[Ps(aO)] 1 -~ f l  Ps(ao, di, ai) (7) 
i = 1  

due to the Bethe lattice topology. (7'8) 
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We introduce here the basic thermodynamic relations by properly 
extending Eggarter's (7~ original idea: 

Ps(ao; dl, a l ;  d2 ,  0"2;...; dz, az) = ef~ e (8) 
Ps(-0"o; dl, 0"1; d2, 0"2 ;-..; d~, a~) 

where AE is the energy increase when the spin of. the central site O is 
flipped from ao to - a 0 .  

The basic thermodynamic relation (8) can be expressed, utilizing 
Eqs. (3) and (7), in terms of the decorated pair probabilities introduced 
earlier in the form 

P,(a) ] a=o \Ps( -a ,  d, a)/ \P , ( -a ,  d, - a ) ]  
C 2 f l H l s a  C - -  2 f l J ( n o  --  m o )  a C f l ( J '  - -  J ) ( n l  - -  m t  ) a (Sa) 

where J ' = - ( J - 2 J 0 ) .  The subscript d in the exponents nd and md 
indicates the decoration status (presence: d =  1; absence: d =  0) pertaining 
to bonds connecting the central site to those on the cluster perimeter, while 
the exponents nd (ma) themselves indicate the total number of sites on the 
cluster perimeter bearing spin 1 ( - 1 )  and the decoration status of the 
connecting bound d. It is obvious that ~.~=0(nd+ m j ) =  z. 

All the decorated partial pair probabilities Ps(a, d, a') can be deter- 
mined by Eq. (8a) [which with the help of Eq. (4) gives six independent 
algebraic equations],  along with the normalization conditions [Eqs. (5) 
and (6)]. 

The algebraic problem is formulated in terms of quantities co and ~/, 
defined as follows: 

co = (1/4)ln[PT(~', d, T)/PT(+, d, +)] (9) 

- (1/4)ln[PT(]" , d, ;)/P~(J,, d, T)] (lO) 

Having obtained a solution for this system (the values of co and ~), we can 
obtain all the relevant thermodynamic quantities, which-are expressed in 
terms of the pair probabilities as follows. 

The mean energy per bond is given by 

U Nbonds  ~ P(ai,.dij, aj){[J-Jo(l+aiaj)dij]giaj 
( i , j )  

- (1/2) Hl2(Z/z)(ai + ai) } (11) 
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and in terms of the decorated partial pair probabilities 

U = J(P,(~O T ) + Ps(J,0,~ ) - Ps(TO,L ) - P,(,10T ) - Ps(~ 1 J, ) - P,(,~ 1 ~" )) 

- J ' ( P , ( ~ ' l  $)  + P,( ,LI,~))  - H M  ( 1 2 )  

where M is the mean magnetization per bond, given by 

M - -  ( 2 / z ) [ P , ( l )  - Ps(+)] (13) 

Another thermodynamic quanti ty of interest is the cluster formation 
probability ps(z ') ,  the probability to have a cluster of z' bonds with a 

10 
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Fig. 1. 
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kT/j 
pt(z ' ;  T)/p+(z'; 0.1) vs. k T / J  for the case of J ' / J =  1.1, "particle" concentration c = 0.1, 

and two values of the magnetic field, I~H/J = 0 and 0.05. ( - - )  z' = 4, (-  - )  z' ~ 1, ( -  �9 - )  z' = O. 
The arrows indicate the direction toward which each curve is shifted by the introduction of 
the magnetic field. 
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"particle" and z -  z' bonds without a "particle" stemming from a central 
site that belongs to sublattice s (T or ~). This probability [using Eq. (7)] 
is given by 

ps(z'; T) = z'! (z }2 [P ' ( a ) ] l  -z Px(rr, 1, ai) 
L Gi 

x }2 0, <~,)]~-z, 
i o, Ps(a' (14) 

Note that the Ps(a, d, a') appearing on the right-hand side of Eq. (14) are 
temperature-dependent quantities. 

3. C L U S T E R I N G  B E H A V I O R  

The ground-state configurations of the system depend primarily on the 
relative strengths of J and Jo [see Eq. (1)]. For small values of Jo the 
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Fig. 2. r/ vs. kT/J for  J'/J= 1.1 a n d  "pa r t i c l e "  c o n c e n t r a t i o n  c = 0.1 a t  ( - - ) , u H / J = O . 0 5  a n d  

( - - )  H = 0. T,,  is the t e m p e r a t u r e  a t  w h i c h  the  H = 0 curve  exhibi ts  a m i n i m u m .  
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system has a purely AF ground state at all "particle" concentrations, while 
beyond an appropriate value of Jo (J0 > J) the system prefers to flip a 
number of spins (depending on the concentration), forming a multiply 
degenerate ground state. In a Bethe lattice, in the absence of an external 
field H, the energy per bond of this ground state is 

E ( c )  = - J ' c  - J(1 - c) (i5) 

and is multiply degeerate, because for every given distribution of the 
"particles" on the bonds there exists a state with energy E ( c ) .  In the 
absence of H it is always possible to construct such a state corresponding 

( ~ )  
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Fig. 3. Phase diagram (kT/J vs. c) for (a) J'/J = 1.3 at five values of llH/J: ( - - )  0, ( -  - )  0.02, 
( - . - ) 0 . 1 ,  ( . . . .  )0.2, and (. . .)0.56, and (b)J' /J= 1.1 at five values of#H/J: ( - - )0 ,  ( - - )0 .02 ,  
( - . - ) 0 . 0 5 ,  ( . . . .  )0.1, and (. . .)0.18. The lighter curves present the corresponding Tm vs. c 
dependence. 
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to the given "particle" configuration, by properly arranging the spins, so 
that each bond is in its lowest energy corresponding to its decoration 
status. 

Therefore, no clustering will occur unless such freedom of choice in 
ground-state spin orientation is restricted by introducing an external field 
H. Such introduction will make energetically favorable the configurations 
that contain "particle" z-plets (quadruplets for z--'4) around flipped-up 
spins. 

Indeed, in the low-temperature range the main effect induced by the 
magnetic field is the dramatic cluster formation we see in Fig. 1, where 
quadruplet (z '=  4) formation is favored, while the rest of the clusters are 
suppressed. In Fig. 1 the effect is shown in a plot ofp(z';  T)/p(z'; O, 1) [see 
Eq. (14)] as a function of temperature T for the case of J'/J= 1.1, 
"particle" concentration c = 0.1, and z ' =  4, 1, and 0. The value kT/J-=-0.1 
is an appropriate reference temperature to be explained below in relation 
to Fig. 2. For each z' case exhibited in Fig. 1, the tzH/J = 0 and l~H/J = 0.05 
curves are presented. The arrows indicate the direction toward which each 
curve is shifted by the introduction of the field H. 

A temperature Tm characteristic of the range where H-induced 
clustering is most pronounced can be defined from the temperature 
behavior of r/ [see Eq. (10)]. Figure 2 illustrates this behavior for the same 
values of parameters J ' / J  and c as in Fig. 1. While the values of t /for zero 
and nonzero magnetic field practically coincide for temperatures kT/J 
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and Fig. 4. kT,~/J vs. ,uH/J at "par t ic le"  concent ra t ion  c = 0 . 3 4  for ( - - )J ' /J=l . l  
(- -) J'/J = 1.3. 
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above 0.1, their behavior changes significantly as the temperature is 
lowered, with the nonzero-field curve of q exhibiting a minimum at k T m / J .  

At H - - 0  the T vs. c phase diagram of the system contains a 
paramagnetic (PM), an antiferromagnetic (AF), and a ferromagnetic (FM) 
state, while at nonzero fields only the PM and AF states are realized. The 
phase transitions from the AF to the PM state and from the FM to the 
PM state are of second order, and the phase boundary is shifted as a field 
is introduced, reflecting the shifting of the percolation threshold from 
c = 1/3 to c = 1/2 that effectively expands the AF region at low T. Figure 3 
shows that phase diagram for various values of H with emphasis on the 
low-temperature part. Incorporated in the figure are the corresponding 
values of Tm, the temperature that marks the formation of clusters at 
low T. 

Interestingly enough, Tm has little c dependence throughout the AF 
region, where Tm remains finite. Keeping this in mind, we show in Fig. 4 
the clustering agent (H) dependence of Tm at a "particle" concentration 
c = 0.34, which is slightly above the H = 0 percolation threshold (c = 1/3), 
for two values of J ' / J .  The area under the Tm vs. H curve contains (T, H) 
pairs for which the system is in a state of intense cluster formation. 
Increasing J'/J increases this area, as we see in Fig. 4. 
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